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Abstract. We survey some recent developments in understanding homological properties of
finitely generated modules over a complete intersection. These properties mainly concern with
vanishing patterns of Ext and Tor functors. We focus on applications to related areas and open
questions.
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1. Introduction

The purpose of this note is to survey some classical theory and recent developments in homo-
logical algebra over complete intersection rings. A tremendous amount of work has been done
on this topic during the last fifty years or so, and it would not be possible for us to summarize
even a sizable part of it. We shall focus on properties of modules (rather than following the
modern and powerful trend of using complexes and derived categories) and emphasize the some-
what unexpected applications of such properties. While such narrow focus obviously reflects the
author’s own bias and ignorance, it will hopefully make the paper friendlier to researchers with
less experience in this area. In addition, the connections to problems that are not homological in
appearance reveal numerous interesting yet simple-looking open questions about modules over
complete intersections that we shall try to highlight.

Throughout this note let (R,m, k) be a commutative local Noetherian ring. We say that R
is a complete intersection if there exists a regular local ring T and a regular sequence f1, · · · , fc
in T such that R ∼= T/(f1, · · · , fc)T . We say that R is a abstract complete intersection if the

m-adic completion R̂ is a complete intersection. This two definitions are very recently proved to
be different in a stunning preprint by Heitmann-Jorgensen [45]. However, for virtually all the
local rings that arise in nature (i.e., those that encountered by people outside of commutative
algebra), these two notions coincide. Furthermore, in many situations of interest one can reduce
a statement about a abstract complete intersection to the same statement over a complete
intersection via completion.

It is very well known that regular local rings have finite global dimension, thus every finitely
generated module has a finite resolution by projective (even better, free) modules. Non-regular
rings no longer posses this property. However, the free resolutions of modules over a complete
intersection still enjoy remarkable finiteness properties, to be made precise later in this note; see
Section 6. Such properties allow us to better control the behavior of the Ext and Tor functors.
In particular, the vanishing of certain Ext or Tor modules often has much stronger consequences
over complete intersections than other classes of singularities.

Why should we care about the vanishing of Ext or Tor then? Apart from intrinsic interests
from homological algebra, one important reason is that such vanishing often comes up when one
is trying to understand when the tensor product or Hom of two modules is nice (for example,
free). As an example let us discuss a famous result by Auslander-Buchsbaum, that is every
regular local ring R is a unique factorization domain (UFD). This classical result is quite funda-
mental in commutative algebra and algebraic geometry. An equivalent statement is that every
reflexive R-module M of rank one is free. However, any such module satisfies the condition that
HomR(M,M) ∼= R since R is normal. When R is of dimension at least 3, this would imply
that Ext1R(M,M) = 0 (see Lemma 2.3.2). Thus, the fact that regular local rings are UFDs is a
consequence of the following homological statement, which appeared in [47]:

Theorem 1.0.1. (Jothilingham) Let R be a regular local ring and M be a finitely generated
R-module. Then Ext1R(M,M) = 0 if and only if M is free.

Note that the above theorem works without any assumption on the rank or reflexivity of M ,
so it is quite a bit more general than the statement about unique factorization.
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In this survey we shall discuss how such a statement and similar ones may still hold, with
proper modifications, for non-regular rings. A natural class of rings for such results turn out to
be complete intersections, due to the good homological properties they enjoy. Obviously, some
new technical tools are needed, and we try to indicate the most essential ones.

Although most of the results in this note are known, a few appear for the first time, to
the best of our knowledge. In addition, a number of old results have been given more simple
or streamlined proofs and some are strengthened considerably. We also discuss a rather large
number of open questions.

Throughout the note we shall follow a rather informal approach, with intuition given priority
over detailed proofs. When full proofs are given, it is usually because they concern enhanced or
modified versions of the original results (see for instance 2.3.2, 3.1.2, 5.3.8). The pay-off of such
minor modifications can be quite satisfactory as they allow us to present sleek proofs or improved
versions of several well-known results, such as the Danilov-Lipman theorem on discrete divisor
class groups (7.1.1) or certain generalizations of the Grothendieck-Lefschetz theorem (7.2.5).

We now briefly describe the content of the paper. In Section 2 we recall the basic notations
and some important preliminary results. Section 3 introduces the notion of Tor-rigidity. This
notion is crucial for many of the applications that follow, and we record some consequences for
later use, the most important being 3.1.2 which is enhanced slightly from the original version.

Section 4 treats modules over regular local rings. Since in this situation, any finitely generated
module is Tor-rigid, the proofs can be simplified considerably. Thus this section serves as both
a motivation and guideline to what we try to do later with complete intersections.

Section 5 concerns with the hypersurface case. We give a quick proof of the fact that all
resolutions are eventually periodic of period at most two and use that fact to define Hochster’s
pairing on finitely generated modules. This numerical function captures the Tor-rigidity property
for modules over hypersurfaces, a fact we explain in Proposition 5.2.2. We discuss many results
about vanishing of θR(−,−) as well as one of the most intriguing open questions, Conjecture
5.3.5.

Section 6 focuses on complete intersections. The main theme here is that the total modules of
Ext (respectively Tor) have the Noetherian (respectively artinian) property over certain rings of
operators. We discuss two useful exploitations of such properties: the theory of support varieties
by Avramov-Buchweitz and a generalization of Hochster’s pairing to higher codimensions.

The next two sections deal with applications. In Section 7 we explain how some classical
results on class groups and Picard groups can be viewed as consequences of certain homological
properties of modules. In particular we discuss a statement which can be viewed as a far-reaching
generalization of the Grothendieck-Lefschetz theorem in certain cases (Theorem 7.2.5).

In Section 8, we turn our attention to several other applications: intersection of closed sub-
schemes, splitting of vector bundles, and non-commutative crepant resolutions.

In Section 9 we collect and discuss the many open questions that arise from the recent devel-
opments. Most of them are motivated by results and problems outside of commutative algebra.

2. Notations and preliminary results

2.1. Generalities on rings and modules. Throughout this note (R,m, k) will always be a
commutative Noetherian local ring. Recall that a maximal Cohen-Macaulay R-module M is a
finitely generated module satisfying depthM = dimR where depthM can be characterized as
the infimum of the set of integers i such that ExtiR(k,M) 6= 0. Let modR and MCM(R) be
the category of finitely generated and finitely generated maximal Cohen-Macaulay R-modules,
respectively. For an R-module M we let pdRM and idRM denote the projective and injective
dimension of M respectively. Recall that R is said to be regular if pdR k ≤ ∞.

The ring R is called Cohen-Macaulay if R ∈ MCM(R). It is called Gorenstein if idRR <∞.
We say that R is a complete intersection if there exists a regular local ring T and a regular



4 HAILONG DAO

sequence f1, · · · , fc in T such that R ∼= T/(f1, · · · , fc)T . We say that R is a abstract complete

intersection if the m-adic completion R̂ is a complete intersection. The presentation of a ring
as a complete intersection is typically not unique. However, if we assume that the elements
f1, · · · , fc are in the square of the maximal ideal of T , then c is uniquely determined by R and
it is called the codimension of R. A hypersurface is a complete intersection of codimension one.

The following of hierarchy of singularity type of R is very well-known:

regular⇒ complete intersection⇒ Gorenstein⇒ Cohen-Macaulay

For M ∈ modR, let M∗ denote the R-dual HomR(M,R). M is said to be torsion-free
(respectively, reflexive) if the natural map M → M∗∗ is injective (respectively, bijective). Let
ΩM denote the first module of syzygy of M and ΩnM the n-th syzygy for each n > 0.

Given an element x ∈ M , the order ideal of x is by definition the ideal of R generated by
{f(x)|f ∈ M∗} and is denoted by OM (x). Clearly p ∈ SpecR does not contain OM (x) if and
only if the Rp submodule of Mp generated by x splits off as a free summand.

2.2. The Auslander-Bridger transpose. We now recall an important construction known
as the Auslander-Bridger transpose. Let F1 → F0 →M → 0 be a minimal free resolution of M .
The transpose of M , denoted by TrM , is defined as the cokernel of the dual map F ∗0 → F ∗1 . It
is not hard to show that the isomorphism class of TrM does not depend on our choice of the
minimal resolution. The crucial property here is the following exact sequence for each integer
n ≥ 0:

TorR2 (TrΩnM,N)→ ExtnR(M,R)⊗R N → ExtnR(M,N)→ TorR1 (TrΩnM,N)→ 0

2.3. Serre’s condition (Sn). The Serre’s conditions on a module are concerned with somewhat
subtle conditions on depths over all localizations of the modules. While looking a bit cumbersome
when one first encounters them, these conditions turn out to be rather natural for many results.
One reason is that depth does not behave very well when one localizes, so in many cases these
conditions can be considered as necessary non-degenerate conditions. Let us now recall the
definition.

For a non-negative integer n, M is said to satisfy (Sn) if:

depthRp
Mp ≥ min{n,dim(Rp)} ∀p ∈ Spec(R)

When R is Gorenstein, M is (S1) if and only if it is torsion-free and (S2) if and only if it is
reflexive.

Remark 2.3.1. There are several definitions of Serre’s condition for modules in the literature.
For a detailed discussion see [21]. These inconsistencies may lead to subtle problems, see for
example [44].

The following technical but useful result gives an intimate connection between Serre’s con-
dition on the module of homomorphisms and vanishing of extension modules. We state it in a
slightly more general version than the reference.

Lemma 2.3.2. ([24, Lemma 2.3]) Let R be a local ring, M,N finitely generated R-modules and
n > 1 an integer such that R satisfies condition Serre’s condition (Sn+1). Consider the two
conditions:

(1) Hom(M,N) satisfies Serre’s condition (Sn+1).
(2) ExtiR(M,N) = 0 for 1 ≤ i ≤ n− 1.

If M is locally free in codimension n and N satisfies (Sn), then (1) implies (2). If N satisfies
(Sn+1), then (2) implies (1).
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Proof. The first claim is obvious if dimR ≤ n, as then M is free by assumptions. By localizing
at the primes on the punctured spectrum of R and using induction on dimension, we can assume
that all the modules ExtiR(M,N), 1 ≤ i ≤ n− 1 have finite length. Take a free resolution P• of
M and look at the first n terms of Hom(P•, N). As all the cohomology of this complex are Ext
modules, the claim now follows from the Acyclicity Lemma (see [13], Exercise 1.4.23).

For the second claim, one again takes a free resolution of P of M and look at Hom(P•, N).
The vanishing of the Ext modules gives the long exact sequence:

0→ HomR(M,N)→ N b0 → · · · → N bn−1 → B → 0

Counting depth shows that depth HomR(M,N)p ≥ min{n + 1,depth(Np)} for any p ∈
Spec(R), which is what we want.

�

We record here a slightly more general version of Lemma 2.3.2 for the cases when N is allowed
to be a torsion module. This will be used later in the proof of the Danilov-Lipman theorem
7.1.2. The proof requires very little modification, and we shall omit it.

Lemma 2.3.3. Let R be a local ring, M,N finitely generated R-modules and n > 1 an integer.
Consider the two conditions:

(1) depth Hom(M,N) ≥ n+ 1.
(2) ExtiR(M,N) = 0 for 1 ≤ i ≤ n− 1.

Assume that Mp is a free Rp-module for any p ∈ SpecR such that depthNp ≤ n− 1. Then (1)
implies (2). If depthN ≥ n+ 1, then (2) implies (1).

2.4. Partial Euler characteristics and intersection multiplicities. Let T be a regular
local ring.

χi(M,N) =
∑
j≥i

(−1)j−i`(TorRj (M,N))

When i = 0 we simply write χR(M,N) or χ(M,N). The χRi for i > 0 are called the partial Euler
characteristic and χR is known as the Serre’s intersection multiplicity. Serre ([61]) introduced
χR(M,N) as a homological definition of intersection multiplicity for modules over a regular local
ring and showed that it satisfied many of the properties in the sense of intersection theory:

Theorem 2.4.1. (Serre) Let T be a regular local ring that is equicharacteristic or unramified.
Then for any pair of T -modules M,N such that `(M ⊗T N) <∞, we have:

(1) dim(M) + dim(N) ≤ dim(T ).
(2) (Vanishing) If dim(M) + dim(N) < dim(T ), then χT (M,N) = 0.
(3) (Nonnegativity) It is always true that χT (M,N) ≥ 0.
(4) (Positivity) If dim(M) + dim(N) = dim(T ), then χT (M,N) > 0.

In fact, (1), (2) and (3) are known for all regular local ring due to the work of Serre, Roberts,
Gillet-Soule and Gabber. See [58] for a thorough discussion of these results and related open
questions.

Concerning the partial Euler characteristics, we have the following important result which
tells us exactly when they vanish ([49, 41]).

Theorem 2.4.2. (Lichtenbaum, Hochster) Consider finitely generated modules M,N over
a regular local ring T that is equicharacteristic or unramified and an integer i such that
`(TorTj (M,N)) <∞ for j ≥ i). Then χTi (M,N) ≥ 0 and it is 0 if and only if TorTj (M,N) = 0
for all j ≥ i.

Conjecturally this is true for all regular local rings or if the modules are of finite projective
dimension. See [29] for some recent developments.
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2.5. Change of rings sequences. In studying modules over complete intersection, it is crucial
to track their behavior as the codimension increases. In other words, we need to know how the
behavior of modules over T/(f) and T differ for a regular element f in T . The following change
of rings exact sequence is important for many applications.

Let T be a regular local ring. Let R = T/f where f is a nonzerodivisor on T , and let M,N
be R-modules. Then we have the long exact sequence of Tors (see for example [42]) :

...→ TorRn (M,N)→ TorTn+1(M,N)→ TorRn+1(M,N)
→ TorRn−1(M,N)→ TorTn (M,N)→ TorRn (M,N)
→ ...
→ TorR0 (M,N)→ TorT1 (M,N)→ TorR1 (M,N)→ 0

There is a similar sequence for Ext modules:

0→ Ext1R(M,N)→ Ext1T (M,N)→ Ext0R(M,N)→
· · · → ExtnR(M,N)→ ExtnT (M,N)→ Extn−1R (M,N)

→ Extn+1
R (M,N)→ Extn+1

T (M,N)→ ExtnR(M,N)→ . . .

2.6. Chow and Grothendieck groups. Suppose X is a Noetherian scheme. Let Coh(X)
denote the category of coherent sheaves on X and Vect(X) the subcategory of vector bundles on
X. ByG(X),Pic(X),CHi(X),Cl(X) we shall denote the Grothendieck group of coherent sheaves
on X, the Picard group of invertible sheaves on X, the Chow group of codimension i irreducible,
closed subschemes of X, and the class group of X, respectively. When X = SpecR we shall
write G(R),Pic(R),CHi(R),Cl(R). Let G(R) := G(R)/Z[R] be the reduced Grothendieck group
and G(R)Q := G(R) ⊗Z Q be the reduced Grothendieck group of R with rational coefficients.
Let SpecoR denote the punctured spectrum of R.

In the rest of this subsection we assume that R is a local ring such that depthR ≥ 2. For
i = 0, 1 there are maps ci : G(R) → CHi(R). These maps admit a very elementary definition
which we now recall. Suppose M is an R-module and choose any prime filtration F of M . Then
one can take ci([M ]) =

∑
[R/p], where p runs over all prime ideals such that R/p appears in F

and height(p) = i, note that a prime can occur multiple times in the sum (for a proof that this
is well-defined see the main Theorem of [19]). When R is a normal algebra essentially of finite
type over a field and N is locally free (i.e. a vector bundle) on SpecoR, c1 agrees with the first
Chern class of N , as defined in [32, Chapter 3], but we shall not need that fact.

One has the following diagram of maps of abelian groups:

Pic(SpecoR)

p

��

G(R)
c1 // CH1(R)

Here p is induced by the well-known map between Cartier and Weil divisors (see Chapter 2
of [32]).

Note that we do not indicate any map between Pic(SpecoR) and G(R). However, the diagram
“commutes” in a weak sense: if E represents an element in Pic(X) and I = ΓX(E) then p([E ]) =
c1([I]) in CH1(R).

Obviously, c1([R]) = 0, so c1 induces a map q : G(R) → CH1(R). In particular, if M is a
module such that [M ] = 0 in G(R)Q then c1([M ]) is torsion in CH1(R).
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3. Tor-rigidity and some consequences

3.1. Tor-rigidity. In this section we discuss the notion of Tor-rigidity, a condition which plays
an essential role in many of the following results. First, the definition.

Definition 3.1.1. A pair of finitely generated R-modules (M,N) is called Tor-rigid if for any
integer i ≥ 0, TorRi (M,N) = 0 implies TorRj (M,N) = 0 for all j ≥ i. Moreover, M is called
Tor-rigid if for all N ∈ modR, the pair (M,N) is Tor-rigid.

It was Auslander who first recognized the powerful consequences of these properties. In fact,
he made Tor-rigidity a central point of his 1962 ICM address on modules over (unramified)
regular local rings ([5]). In Auslander’s and consequent work, Tor-rigidity has been typically
considered for a module and not a pair. However, for many recent applications the rigidity
of pairs have proved to be not only more flexible, but necessary; see for example the proof of
Theorem 7.2.5.

In the commutative algebra literature, Tor-rigidity is often just called rigidity. However,
rigidity has a different meaning related to deformation theory. Namely, a module is called
rigid if Ext1R(M,M) = 0. The name comes from the fact that such modules have no first
order deformations. To avoid confusion we shall try not to use that terminology and just write
Ext1R(M,M) = 0 when needed. In fact, it is rather amusing that the two notions of rigidity
have the following connection.

Proposition 3.1.2. (Jothilingham) Let R be a local ring and M,N are finitely generated R-
modules such that the pair (TrΩM,N) is Tor-rigid (the first module is the transpose of the first
syzygy of M , see 2.2). If Ext1R(M,N) = 0 then M∗ ⊗R N ∼= HomR(M,N) via the canonical
map and TorRi (M∗, N) = 0 for all i > 0. In particular, if the pair (TrΩM,M) is Tor-rigid then
Ext1R(M,M) = 0 if and only if M is free.

The above result was first proved in [47], when it was assumed that R is regular, so Tor-
rigidity is guaranteed, see the Main Theorem and the discussion of the last Proposition. For a
more modern presentation, see [46].

Proof. The key point of the proof is the short exact sequence in 2.2:

TorR2 (TrΩnM,N)→ ExtnR(M,R)⊗R N → ExtnR(M,N)→ TorR1 (TrΩnM,N)→ 0

Suppose Ext1R(M,N) = 0. Then the above exact sequence shows that TorR1 (TrΩM,N) = 0.
Because of Tor-rigidity, we have TorRi (TrΩM,N) = 0 for all i > 0. In particular, the exact
sequence forces Ext1R(M,R) = 0. Thus the R-dual of a minimal resolution of M is exact at the
F ∗1 spot, so TrM ∼= ΩTrΩM . Thus TorRi (TrM,N) = 0 for all i > 0 and applying the above exact
sequence with n = 0 yields an isomorphism M∗⊗RN ∼= HomR(M,N). Of course, we also know
that M∗ ∼= Ω2TrM and the vanishing of TorRi (M∗, N) follows. For the last statement, it is well
known that the canonical map M∗ ⊗RM → HomR(M,M) is an isomorphism if and only if M
is free. �

The Tor-rigidity property is sometimes used in tandem with the so-called “depth formula”
which we recall next.

Theorem 3.1.3. Let R be a local complete intersection and M,N ∈ modR. If TorRi (M,N) = 0
for all i > 0 then:

depthM + depthN = depthR+ depthM ⊗R N

The above result was first proved by Auslander for regular local rings in [4, 1.2]. It was given
in this form by Huneke and Wiegand in [42, 2.5]. There have been generalizations of this formula
to much broader contexts, see for example [20].
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Proof. We first prove it for the case when R is regular. Since TorRi (M,N) vanishes for all i, the
tensor product of the minimal resolutions of M and N becomes a minimal resolution of M⊗RN .
Thus we have:

pdRM ⊗R N = pdRM + pdRN

The depth formula follows from Auslander-Buchsbaum formula. The general case is handled by
induction on the codimension of R. It suffices to assume that R = T/(f) and that the depth
formula holds for modules over T . One can use the change of rings exact sequence of Tor in
Subsection 2.5 to deduce that TorTi (M,N) = 0 for all i > 1. Let E = ΩT (M), then by induction
hypotheses we have

depthE + depthN = depthT + depthE ⊗T N.
However, since depthE = depthM + 1

depthM + depthN = depthR+ depthE ⊗T N.
It just remains to prove that depthE ⊗T N = depthM ⊗RN . We leave this as an exercise. For
details, see [42, Theorem 2.5].

�

It would not be a complete discussion of Tor-rigidity without mentioning the following famous
conjecture, usually attributed to Auslander:

Conjecture 3.1.4. Let R be a Noetherian local ring and M ∈ modR such that pdRM < ∞.
Then M is Tor-rigid.

This conjecture was disproved by an ingenious construction by R. Heitmann ([36]). The
module he constructed has projective dimension two. However, the following modified version
is still open:

Question 3.1.5. Let R be a Noetherian local ring and M,N ∈ modR such that
pdRM, pdRN <∞. Is the pair (M,N) is Tor-rigid?

4. Warm-up: modules over regular local rings

In this section we quickly review Tor-rigidity over regular local rings and its various conse-
quences. We hope they will provide some insights and motivations for the following sections.

4.1. Tor-rigidity and the UFD property. We begin with a famous result.

Theorem 4.1.1. (Auslander-Lichtenbaum) Let R be a regular local ring. Any finitely generated
module is Tor-rigid.

This is a deep theorem and we shall only sketch a proof in the equicharacteristic case (i.e. when
R contains a field). There is no harm in assuming R is complete, and now the Cohen structure
theorem tells us that R is isomorphic to the power series ring k[[x1, · · · , xd]]. We now use an
ingenious trick devised by Serre ([61]). First we form the so-called completed tensor product
R⊗̂kR, which will just be the power series rings in 2d variables S = k[[x1, · · · , xd, y1, · · · , yd]].
Letting L = M⊗̂kN , one has isomorphisms:

TorRi (M,N) ∼= TorSi (L, S/(x1 − y1, · · · , xd − yd)S)

Since the elements xi − yi, 1 ≤ i ≤ d form a regular sequence on S, the rigidity property of
TorRi (M,N) follows from the well-known rigidity of Koszul homologies.

When R is of mixed characteristic, the proof is much harder and uses in an essential way the
non-negativity of the partial Euler characteristic functions. We refer to [4] and [49] for details.

Corollary 4.1.2. Let R be a regular local ring and M be a finitely generated R-module. Then
Ext1R(M,M) = 0 if and only if M is free.
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Proof. This is a direct consequence of 3.1.2 and 4.1.1.
�

Corollary 4.1.3. A regular local ring R is a UFD.

Proof. Recalled that elements of the class group of R can be identified with isomorphism classes
of reflexive ideals of rank one satisfying the following rule:

[HomR(I, J)] = [J ]− [I]

where I, J are reflexive ideals and [I] denotes the class of I in Cl(R). In particular, it implies
that HomR(I, I) ∼= R. We proceed by induction on d = dimR. If d ≤ 2 then reflexive modules
are automatically maximal Cohen-Macaulay, thus are free since they also have finite projective
dimension. Suppose d > 2. By localizing at prime ideals in Speco(R) we can assume by induction
that I is locally free on Speco(R). We now invoke Lemma 2.3.2 to show that Ext1R(I, I) = 0,
thus I is free which is what we want to prove. �

We note that the proof of the last Corollary gives a much more general result:

Corollary 4.1.4. (Huneke-Wiegand) Let R be a regular local ring and M a finitely generated
reflexive R-module. Then HomR(M,M) satisfying Serre’s condition (S3) if and only if M is
free.

The assumption on HomR(M,M) appears to be quite weak, since the module of homomor-
phisms is always reflexive, which is equivalent to (S2) over Gorenstein rings.

4.2. Torsion-freeness of tensor products and a flatness criterion. Next we discuss an-
other direction, namely that tensor products can rarely have high depth over a regular local
ring. The key point is that such high depth forces certain Tor modules to vanish, and then one
can apply Tor-rigidity and the depth formula 3.1.3 to derive strong properties of the modules
involved.

Proposition 4.2.1. (Auslander) Let R be a regular local ring and M,N ∈ modR. If M ⊗R N
is torsion-free then TorRi (M,N) = 0 for i > 0 and

depthM + depthN = depthR+ depthM ⊗R N

Proof. Let t(M) denote the torsion submodule of M . By tensoring the exact sequence 0 →
t(M) → M → M/t(M) = M ′ → 0 with N we get that M ′ ⊗R N is torsion-free. Suppose we
have already proven the assertions for M ′, N . Then it follows that TorR1 (M ′, N) = 0 and thus
t(M) ⊗R N = 0 which forces t(M) = 0. Thus we can assume that M is torsion-free to begin
with. As such we can embed M into a free module F to get:

0→M → F →M1 → 0

Tensoring with N shows that TorR1 (M1, N) embeds into M ⊗R N . Since the former is torsion
and the latter is torsion-free, we get that the former is 0. Tor-rigidity and the depth formula
3.1.3 now complete the proof.

�

The above seemingly technical result implies an interesting criterion for flatness over R.

Corollary 4.2.2. (Auslander) Let R be a regular local ring and M ∈ modR. If M⊗n is torsion-
free for some n ≥ dimR then M is free.

Proof. Let Mi = M⊗i . Proposition 4.2.1 shows that depthM + depthMn−1 = depthR +
depthMn. Furthermore, the formula holds true when we localize at any prime in Spec(R) since
vanishing of Tor still holds. Since torsion-free is equivalent to (S1), it follows that Mn−1 is
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(S1). One can use induction to show that Mn−i is (S1) and depthM + depthMn−i = depthR+
depthMn−i+1 for 1 ≤ i ≤ dimR. Set i = d = dimR we get that

depthMn = depthMn−d − d(depthR− depthM)

If depthR − depthM > 0 then the left hand side will be nonpositive, a contradiction. Thus
depthM = depthR and M is free. �

Recently, Avramov and Iyengar have generalized this flatness criterion to modules essentially
of finite type over smooth k-algebras for any field k, see [6].

4.3. An equivalent condition for vanishing of Tor and intersection multiplicities. We
end this section with an interesting result noticed by Auslander. It says that, roughly speaking,
the vanishing of all TorRi (M,N), i > 0 over a regular local ring only depends on the local
depths of the arguments M,N . We state it in a slightly different form from Auslander’s original
formulation ([5, Theorem 2]) to emphasize this point.

Theorem 4.3.1. (Auslander) Let R be a regular local ring and M,N ∈ modR. The following
are equivalent:

(1) TorRi (M,N) = 0 for i > 0.
(2) depthMp + depthNp ≥ depthRp for all p ∈ SpecR (the depth of the zero module is ∞

by convention).

Proof. Assume (1). Then the depth formula 3.1.3 gives us (2). Now assume (2) and also assume
that (1) does not hold. Let s be the largest integer such that TorRi (M,N) 6= 0; it is finite since
R is regular. Since we assume (1) does not hold, s is positive. Let p be a minimal prime of
TorRs (M,N). Replacing R by Rp we may assume TorRs (M,N) has finite length. We can also
assume that depthR ≥ 1, as otherwise there is nothing to prove.

Let F•, G• be minimal free resolutions of M and N respectively. Consider the complex
H• = F• ⊗R G•. Let B,C be the modules of boundaries and cycles at the sth spot of H•
respectively. We have a short exact sequence:

0→ B → C → TorRs (M,N)→ 0

which shows that depthB = 1. The complex Hi>s is acyclic by our choice of s and is a minimal
resolution of B. Thus the Auslander-Buchsbaum formula tells us that s+ depthR equals to the
length of H• which is pdRM + pdRN . It follows that

depthM + depthN = depthR− s < depthR,

a contradiction. �

The above result is quite relevant to intersection theory as follows. For M,N ∈ modR such
that `(M ⊗R N) <∞, recall the definition of intersection multiplicity:

χR(M,N) =
∑
i≥0

(−1)i`(TorRj (M,N))

When M = R/I,N = R/J defining closed subschemes of SpecR, it is of considerable interest
to know when χR(R/I,R/J) is just equal to `(R/I⊗RR/J) (the “naive” definition of intersection
multiplicity). The following result, a nice consequence of Theorem 4.3.1, tells us exactly when
it happens. It can be viewed as a vast generalization of the Bezout theorem for curves.

Corollary 4.3.2. ([61]) Let R be a regular local ring and M,N ∈ modR such that M ⊗R N
has finite length and dimM + dimN = dimR. Consider the following:

(1) M,N are Cohen-Macaulay modules.
(2) TorRi (M,N) = 0 for i > 0.
(3) χR(M,N) = `(M ⊗R N).
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We have (1)⇔ (2)⇒ (3). If R is unramified or equicharacteristic than they are all equivalent.

Proof. Assume (1). As the intersection of SuppM and SuppN consists of the maximal ideal, we
only need to check the depth condition there to prove (2). But since M,N are Cohen-Macaulay
we have

depthM + depthN = dimM + dimN = dimR = depthR,

so (2) follows by Theorem 4.3.1. Now assume (2). Then by 4.3.1 again we have depthM +
depthN ≥ depthR = dimR = dimM + dimN . Since depth is bounded above by dimension,
one must have depthM = dimM and depthN = dimN , so M,N are Cohen-Macaulay.

That (3) follows from (2) is obvious. For the last assertion, assuming (3) forces

χR1 (M,N) =
∑
i≥1

(−1)i−1`(TorRi (M,N) = 0.

Since we know (2.4.2) that χR1 = 0 if and only if all the Tor modules vanish when R is unramified
or equicharacteristic, the conclusion follows. �

5. The hypersurface case and Hochster’s theta pairing

In this section we focus on the hypersurface case, in other words, R is a complete intersection
of codimension one. Through this section we will assume R = T/fT where T is a regular local
ring. Set d = dimR.

5.1. Periodic resolutions. The most important fact about homological algebra over R from
our point of view is the following result, which was noticed by quite a few people but perhaps
first appeared explicitly in [30]:

Lemma 5.1.1. Let R be a local hypersurface and M ∈ MCM(R). Then the minimal resolution
of M is periodic of period (at most) two. In other words, M ∼= Ω2M .

Proof. Suppose R = T/fT where T is regular. The Auslander-Buchsbaum formula tells us that
pdT M = depthT − depthM = 1. Thus over T , M has the following minimal resolution:

0→ Tn → Tn →M → 0

(the free modules have same rank since M is torsion as a T -module). Tensoring with R = T/fT
gives an exact sequence:

0→ TorT1 (M,R)→ Rn → Rn →M → 0

But one can easily compute TorT1 (M,R) using the resolution of R as T module:

0→ T → T → R→ 0

and see that it is isomorphic to M . The map between the free R-modules is still minimal, so we
are done. �

Remark 5.1.2. Observe that the map between the free T -modules in the resolution of M is
represented by a n×n matrix A with entries in T . If B is the corresponding matrix for ΩRM then
it is not hard to see from basic homological algebra and the periodicity that AB = BA = fIn.
This is the origin of Eisenbud’s theory of matrix factorization ([30]), a topic which has become
very active recently due to connections to a number of areas in algebraic geometry and even
mathematical physics.

The above result says that although hypersurfaces do not have finite global dimension, the
resolutions of their modules are still finite in a rather specific way, as all the information about
the resolution is captured after finitely many steps. Next we discuss a very effective way to
exploit this eventual periodicity of minimal resolutions over hypersurfaces.
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5.2. Hochster’s theta pairing and Tor-rigidity. Let M,N ∈ modR such that
`(TorRi (M,N)) <∞ for i ≥ d; here `(−) denotes length. The pairing θR(M,N), introduced by
Hochster ([40]), is defined as follows:

θR(M,N) := `(TorR2e+2(M,N))− `(TorR2e+1(M,N))

where e is any integer such that 2e ≥ dimR. By Lemma 5.1.1 this function is well-defined. The
theta pairing satisfies the following properties:

Proposition 5.2.1. (Hochster, [40])

(1) If M ⊗R N has finite length, then:

θR(M,N) = χT (M,N) :=
∑
i≥0

(−1)i`(TorTi (M,N))

Here χT is the Serre’s intersection multiplicity. In particular, if dimM + dimN ≤
dimR = dimT − 1, then θR(M,N) = 0 (note that Vanishing for χT is proved for all
regular local rings; see [58, 13.1])

(2) θR(M,N) is bi-additive on short exact sequences, assuming it is defined on all pairs.
In particular, if M is locally of finite projective dimension on Speco(R), then the rule:
[N ] 7→ θR(M,N) induces maps G(R)→ Z and G(R)Q → Q.

A crucial property for this section is that vanishing of Hochster’s pairing implies Tor-rigidity
for a big class of hypersurfaces including all the ones that contain a field.

Proposition 5.2.2. ([22]) Let R = T/fT be a local hypersurface such that T is an unramified
regular local ring. Let M,N ∈ modR such that `(TorRi (M,N)) <∞ for i ≥ d. If θR(M,N) = 0
then the pair (M,N) is Tor-rigid.

Proof. First we prove the statement assuming that `(TorRj (M,N)) <∞ for all j > i. We trun-
cate the change of rings long exact sequence for Tor (Subsection 2.5) as follows (note that all
TorT (M,N) vanish after d+ 1 spots):

0→ TorR2e+2(M,N)
→ TorR2e(M,N)→ TorT2e+1(M,N)→ TorR2e+1(M,N)
→ ...
→ TorRi (M,N)→ TorTi+1(M,N)→ TorRi+1(M,N)→ C → 0

It is easy to see that all the modules in this sequence have finite lengths. Therefore we can take
the alternating sum of the lengths and get :

l(C) + χTi+1(M,N) = (−1)2e+2−iθR(M,N) + l(TorRi (M,N)) = 0

This equation and Theorem 2.4.2 forces C = 0 and TorTj (M,N) = 0 for all j ≥ i+ 1.
Now we prove the general case by induction on d = dimR. If d=0 then all modules involved

have finite lengths so we are done. Assume d > 0. By localizing at primes in SpecoR and
applying the induction hypothesis it is clear that `(TorRj (M,N)) < ∞ for all j > i, thus the
proof is complete. �

Note that almost by definition, the vanishing of θR(M,N) = 0 implies rigidity of Tor asymp-
totically. Namely, for i > d we would have `(TorRi (M,N)) = `(TorRi+1(M,N)), so they vanish
together. The content of the proposition which is crucial for many applications is that rigidity
holds even if we only know that TorRi (M,N) = 0 for small i (in fact, i = 1 for most applications).
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5.3. Vanishing of θR(−,−). A particular situation when θR(−,−) becomes very useful is when
R has isolated singularity, namely that Rp is regular for any p ∈ Speco(R). In this case the higher
Tor modules always have finite length, so the Hochster’s formula gives a pairing

θR(M,N) : G(R)×G(R)→ Z
We now briefly discuss Conjecture 5.3.5, starting with small dimensions. We start with a

lemma which exploit the vanishing condition of Serre’s intersection multiplicity.

Lemma 5.3.1. (Huneke-Wiegand, [42]) Let R be a hypersurface with isolated singularity. Let
M,N ∈ modR such that M ⊗R N has finite length and dimM + dimN ≤ dimR. Then
θR(M,N) = 0.

Proof. Let R = T/fT with T a regular local ring. Then M ⊗T N has finite length, and
dimM + dimN < dimT . By the Vanishing property of the Serre’s intersection multiplicity,
we know that χT (M,N) = 0, so what we want to show follows from 5.2.1, part (1). �

The next result illustrates a often used technique to prove vanishing of θR(−,−): one can try
to move the support of the modules involved (inside the Chow group of R) so that one gets to
the situation of Lemma 5.3.1.

Theorem 5.3.2. Assume d > 1 and M,N are finitely generated R-modules. Then θR(M,N) =
0 if dimM ≤ 1.

Proof. Since any module has a filtration by prime cyclic modules, we may assume that M = R/P
and N = R/Q for some P,Q ∈ SpecR. If dimR/P = 0, so P = m, then [R/P ] = 0 in G(R)Q,
and θ vanishes. Also, we may assume Q 6= 0. We now consider two cases:

Case 1: Q is not contained in P . Then l(R/(P + Q)) < ∞ because dimR/P = 1, and since
dimR/P + dimR/Q ≤ dimR we have θ(R/P,R/Q) = 0 by 5.2.1.

Case 2: So now we only need to consider the case 0 6= Q ⊂ P . We claim that there is
cycle α =

∑
li[R/Qi] ∈ CH∗(R)Q such that α = [R/Q] and Qi * P . Consider the element

[RP /Q] ∈ CH∗(RP )Q. Since RP is regular, [RP /Q] = 0. Therefore, formally, we have a collection
of primes qi and elements fi and integers n, ni such that n[RP /Q] =

∑
div(RP /qi, fi). Now in

CH∗(R)Q we will have
∑

div(R/qi, fi) = n[R/Q] +
∑
ni[R/Qi], with Qi * P , which proves

our claim. The fact that [R/Q] =
∑

i li[R/Qi] in CH∗(R)Q means that in G(R)Q, [R/Q] =∑
i li[R/Qi] + terms of lower dimension. By Case 1, θR(R/P,R/Qi) = 0 and we may conclude

our proof by induction on dimR/Q. �

Using the real “moving lemma” from intersection theory one can prove the following vast
generalization of Lemma 5.3.1.

Theorem 5.3.3. Suppose that R is an excellent local hypersurface containing a field, and has
only isolated singularity. Then θR(R/P,R/Q) = 0 if dimR/P + dimR/Q ≤ dimR.

Proof. The strategy is clear, as indicated above. We need to move P and Q inside the Chow
group of SpecR so that their support intersect only at the maximal ideal, and then apply 5.3.1.
For details, see [22, Theorem 3.5].

�

Theorem 5.3.4. Suppose that R is a local hypersurface with isolated singularity of even dimen-
sion. If dimR ≤ 2 or dimR = 4 and R excellent and contains a field, then θR(M,N) = 0 for
all pairs (M,N).

Proof. When d = 0, G(R) is torsion, thus the statement is true by 5.2.1. It suffices to assume
that M,N are cyclic prime modules, let’s say M = R/P,N = R/Q. Then by the previous
Theorems we only need to worry if both of them have dimension at least 2. If dimR = 2, they
must both be R (note that since R is normal and local, it is a domain), thus θR certainly vanishes.
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If dimR = 4 and R contains a field we can apply 5.3.3 and assume dimR/P + dimR/Q ≥ 5.
Then one of the primes, say P is height 1 (if the minimal height is 0 the assertion is trivial).
Thus we will be done if CH1(R) = 0. But by the Grothendieck-Lefschetz Theorem, the Picard
group of X = Spec(R) − {m} is 0. Since X is regular, the Picard group of X is the same as
CH1(X) = CH1(R). �

We now state an intriguing open question, first proposed in [22].

Conjecture 5.3.5. Let R = T/fT be a hypersurface of even dimension with isolated singularity.
Then θR(M,N) = 0 for any pair of modules M,N ∈ modR.

There are several sources of supporting evidence for this conjecture: the small dimensional
cases, a conjecture by Hartshorne that the Chow groups of a smooth hypersurface X vanish for
codimension below half the dimension of X (see [22, Section 3] for a discusion). But perhaps
the strongest supporting evidence is that it has already been proven in important cases, using
several different approaches.

Theorem 5.3.6. Conjecture 5.3.5 is true in the following cases:

(1) (Moore-Piepmeyer-Spiroff-Walker [54]) R = k[x0, · · · , xd]m/(f), where f is a homoge-
nous polynomial defining a smooth hypersurface in Pd

k over a perfect field k and
m = (x0, · · · , xd).

(2) (Polishchuk-Vaintrob [57], Buchweitz-Van Straten [15]) R = k[[x0, · · · , xd]]/(f), a hy-
persurface isolated singularity with k a field of characteristic 0.

We will comment briefly about the proofs, which are quite sophisticated and beyond the
scope of this survey. The key point in all of them is to compare θR(−,−) with some maps
from G(R) to certain cohomology theories (étale cohomology, topological K-theory, Hochschild
cohomology) and use what we already know about such theories. There is perhaps a lot more
to be understood about these connections.

Before moving on we give a Lemma which is frequently used to prove vanishing of θR(−,−).

Lemma 5.3.7. Suppose R is a local Noetherian ring. A module of finite length is zero in G(R)Q.

Proof. Since any module of finite length is a multiple of [k], it is enough to prove the claim for
one such module. If dimR = 0 then there is nothing to prove as G(R)Q = 0. If dimR > 0 then
pick a prime p such that dimR/p = 1 and a non-unit x /∈ p. The exact sequence 0 → R/p →
R/p→ R/(p, x)→ 0 shows that [R/(p, x)] = 0, which is all we need. �

Next we give a strong supporting evidence for Conjecture 5.3.5. This will also be used to
prove certain generalizations of the Grothendieck-Lefschetz theorem in Section 7. Note that we
do not assume isolated singularity in the following, which improves on [23, Theorem 4.1].

Theorem 5.3.8. Let R be a hypersurface of even dimension. Let M ∈ modR such that M is
locally free on the punctured spectrum SpecoR. Then θR(M,M∗) = 0.

Proof. Assume M is locally free on SpecoR. Let K = ΩM . We want to prove that θR(M,M∗) =
θR(K,K∗). Dualizing the short exact sequence: 0 → K → F → M → 0 we get an exact
sequence:

0→M∗ → F ∗ → K∗ → Ext1R(M,R)→ 0

So [M∗] + [K∗] = [Ext1R(M,R)] in G(R). Note that Ext1R(M,R) has finite length because M is
locally free on the punctured spectrum of R. By 5.3.7 any module of finite length is equal to 0
in G(R)Q. So [M∗] = −[K∗] and θR(M∗,−) = −θR(K∗,−). Since θR(M,−) = −θR(K,−), we
have θR(M,M∗) = θR(K,K∗).

Repeating the equality above we get θR(M,M∗) = θR(L,L∗) when L = ΩnM for any n > 0.
But for n� 0 L is an MCM R-module, so θR(L,L∗) = 0 by Proposition 5.3.9 below. �
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The following result is essentially due to Buchweitz, although it was originally stated in the
language of stable cohomology. For a detailed explanation, see [23] (note that the proof of
Proposition 4.3 there works verbatim in our situation).

Proposition 5.3.9. ([14],10.3.3) Let R be a local hypersurface with d = dimR. Then for any
two MCM R-modules M,N such that M is locally free on SpecoR, we have

θR(M,N) = (−1)d−1θR(M∗, N∗)

6. Asymptotic behavior of Ext and Tor over complete intersections

In this section we move on to complete intersections. Here resolutions of modules are still finite
in a rather strong sense, which we shall now discuss. Let assume throughout this section that
R ∼= T/(f1, · · · , fc)T with the fis a T -regular sequence in m2

T . In this situation, the codimension
of R, codim(R) is equal to c.

6.1. Cohomology operators and support varieties. The key point now is that the presen-
tation R = T/(f1, · · · , fc)T = T/(f) give rise to cohomology operators under which the total

module of extensions Ext∗R(M,N) := ⊕i≥0 ExtiR(M,N) becomes a finitely generated module
over the ring of said operators ([34]).

We sketch the construction of these operators. Start with a minimal resolution of M over R:

· · · δi+1−−→ Fi
δi−→ Fi−1

δi−1−−→ · · · δ1−→ F0 →M → 0

One can lift this resolutions to T to get

· · · δ̃i+1−−→ F̃i
δ̃i−→ F̃i−1

δ̃i−1−−→ · · · δ̃1−→ F̃0

Of course, this liftings will not form a complex anymore. However, we know that δ̃i−1δ̃i(F̃i) ⊆
(f)F̃i−2. Now since f is a regular sequence in T , (f)/(f)2 is a free R = T/(f)-module of rank
c. Thus, we write:

δ̃i−1δ̃i =
c∑
j=1

fj θ̃j

where the θ̃j : F̃i → F̃i−2 are T -linear maps. Set θj = θ̃j ⊗T R, which will be a map from Fi to
Fi−2. These induce R-linear maps:

χj : ExtiR(M,N)→ Exti+2
R (M,N)

for 1 ≤ j ≤ c and i ≥ 0. These operators can be shown to be well-behaved (commuting up
to homotopies, functorial, cf. [30, 34]). There are subtle issues with the commutativity with
Yoneda products which are fully resolved in [9]. The upshot is that they turn Ext∗R(M,N) into
a module over the (commutative) ring of cohomology operators S := R[χ1, . . . , χc]

Note that the χi have cohomological degree 2. Furthermore, for every M ∈ modR, there is a
graded ring homomorphism:

S ϕM−−→ Ext∗R(M,M)

We now recall the definition of support varieties for modules over local complete intersections
(R,m, k) of codimension c: for details, see [2] and [10].

Let M,N be finitely generated R-modules. The support variety of the pair (M,N) is defined
as

VR(M,N) := SuppS⊗Rk(Ext∗R(M,N)⊗R k) ⊂ Pc−1
k

The support variety of M is defined as VR(M) := VR(M,M).
Recall that M has complexity s, written as cxR(M) = s, provided that s is the least nonneg-

ative integer for which there exists a real number γ such that bRn (M) ≤ γ · ns−1 for all n � 0
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[10, 3.1]. One can define the complexity of a pair of modules cxR(M,N) similarly by using the
minimal number of generators of ExtnR(M,N) instead of bRn (M). Note that cxR(M,N) = 0 if
and only if ExtiR(M,N) = 0 for i� 0.

Theorem 6.1.1. (Avramov-Buchweitz, [2, Theorem I])

(1) VR(M,N) = VR(M) ∩ VR(N) = VR(N,M).
(2) VR(M) = VR(M,k).
(3) cxR(M,N) = dimVR(M,N) + 1 (the dimension of the empty set is −1 by convention).

Corollary 6.1.2. (Avramov-Buchweitz, [2, Theorem 4.2]) Let R be a local complete intersection
and M ∈ modR. If Ext2iR(M,M) = 0 for some i then pdRM <∞.

Proof. The key point here is the graded ring homomorphism

S ϕM−−→ Ext∗R(M,M)

As each χi has degree 2 and Ext2iR(M,M) = 0, it follows that Ext∗R(M,M) is (χ1, . . . , χc)-
torsion. This remains true after tensoring with k, so the support variety VR(M,M) is empty.
By Theorem 6.1.1 it follows that cxRM = 0, that is M has finite projective dimension. �

When i = 1 one has a much more specific result, whose proof we omit.

Theorem 6.1.3. (Auslander-Ding-Solberg, [3]) Let T be a complete local ring and R =
T/(f1, · · · , fc)T be a quotient of T by a regular sequence. Let M ∈ modR. If Ext2R(M,M) = 0
for some i then M lifts to T , namely there is a module N ∈ mod(T ) such that M ∼=
N/(f1, · · · , fc)N and the fis form a regular sequence on N .

6.2. Length of Tor and a generalized version of Hochster’s pairing. In this subsection
we study a more general version of Hochster’s theta pairing. This needs a bit of preparatory
work. The key point is that over a complete intersection, if all the higher Tor of two modules
have finite length, such lengths display a quasi-polynomial behavior. This allows us to define a
numerical value using those lengths. We now describe the process in more detail.

First, the construction in Subsection 6.1 yields operators on the total Tor module

TR(M,N) := ⊕i≥0 TorRi (M,N)

as well (these are known as Eisenbud operators as they were constructed explicitly in [30]). Of
course, these operators, which we shall also call χ1, ..., χc now have degree (−2), and we have
the following dual version of the key point in Subsection 6.1:

Theorem 6.2.1. (Gulliksen, [34]) Suppose that M ⊗R N is artinian. Then T (M,N) is an
artinian module over the ring of operators R[χ1, ..., χc].

This result has a serious restriction, namely that M ⊗R N has finite length. As we have seen
in the previous section, the most interesting results live naturally in the setting where we only
know that TorRi (M,N) have finite length for i� 0 (this is always the case if R has an isolated
singularity). Thus we need to first establish the following.

Lemma 6.2.2. Suppose there exists an integer j such that TorRi (M,N) has finite length for
every i ≥ j. Then TR(M,N)i≥j is an artinian module over the ring of Eisenbud operators
R[χ1, ..., χc].

Proof. See [25, Lemma 3.2] or [55, Appendix 1]. �

The significance of this result is that we now know that the lengths of TorRi (M,N) must have
quasi-polynomial behavior. This fact allows us to make the following definition which generalizes
Hochster’s pairing to complete intersections.
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Definition 6.2.3. Suppose R is a local complete intersection of codimension c. Let M,N ∈
modR such that TorRi (M,N) has finite length for every i ≥ j. We define:

ηR(M,N) := lim
n→∞

∑n
j (−1)i`(TorRi (M,N))

nc

Remark 6.2.4. The definition does not depend on the value of j we start with since c ≥ 1.
There is another way to define ηR(M,N) as follows. By virtue of 6.2.2 there exist polynomials
Podd(x) and Peven(x) of degrees at most c− 1 such that for i� 0 there are equalities

Podd(i) = `(TorRi (M,N))

for i odd and

Peven(i) = `(TorRi (M,N))

for i even. Let a, b be the coefficients of xc−1 in Peven and Podd respectively. Then

a− b = 2cηR(M,N)

Thus, one can use a−b as an alternative definition for ηR(M,N). However, the original definition
seems to make the proof of additivity on short exact sequences (see below) easier, and this is a
crucial property that allows us to make ηR into a pairing on the Grothendieck group.

We obtain the following properties of ηR(M,N).

Theorem 6.2.5. ([25]) Suppose R ∼= T/(f1, · · · , fc)T with the fis a T -regular sequence in m2
T

(T regular local). Let M,N ∈ modR such that TorRi (M,N) has finite length for all i� 0. Then
the following statements hold:

(1) ηR(M,N) is finite and rational.
(2) (Biadditivity) Let 0 → M1 → M2 → M3 → 0 and 0 → N1 → N2 → N3 → 0 be exact

sequences such that ηR(M,Ni) and ηR(Mi, N) can be defined for all i. Then:

ηR(M2, N) = ηR(M1, N) + ηR(M3, N)

and

ηR(M,N2) = ηR(M,N1) + ηR(M,N3)

(3) (Change of rings) Suppose that c > 1. Let R′ = T/(f1, ..., fc−1). Note that we have

`(TorR
′

i (M,N)) <∞ for i� 0. Then:

ηR(M,N) =
1

2c
ηR
′
(M,N)

The above properties afford us some mild generalizations of the connections between θR(M,N)
and vanishing of Tor as well as intersection multiplicity.

Corollary 6.2.6. Let R,M,N be as in Theorem 6.2.5. Then we have:

(1) Suppose that ηR(M,N) = 0 and T is equicharacteristic or unramified. Then if
TorRi (M,N) = 0 for j ≤ i ≤ j + c − 1 with some j > 0 then TorRi (M,N) = 0 for
all i ≥ j.

(2) If M ⊗R N has finite length and dimM + dimN < dimR + c then ηR(M,N) = 0. The
converse is true if T is equicharacteristic or unramified.

Proof. These are direct consequence of 6.2.5, 5.2.1 and 5.2.2 (6.2.5 allows us to reduce everything
to the hypersurface case). �

One can push these results a bit further with additional assumptions, see [16, 17, 25]. One
can also define a similar version of ηR(M,N) using Ext modules, see [18].
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7. Applications: class groups and Picard groups

In this section we discuss the connection between Tor-rigidity property and some well-known
results and open problems regarding class groups and Picard groups of varieties. Even though
such connections have sometimes been used explicitly in certain proofs, they seem to have
escaped wide attention. We hope what follows will stimulate further research in this direction.

7.1. The Lipman-Danilov theorem. First we recast a well-known proof by Lipman on class
groups in terms of Tor-rigidity. The following theorem is the key result in Lipman’s paper [50,
Theorem 1] (it was stated there slightly more generally in the non-local setting).

Theorem 7.1.1. (Lipman) Let R be a local ring and t be a regular element in the maximal ideal
of R. Let M ∈ modR such that t is also M -regular. Let S = R/tR. Assume that HomR(M,S)
is a free S-module. Also assume that (M/tM)p is a free Sp-module for any p ∈ SpecS such that
depthSp ≤ 2. Then HomR(M,R) is a free R-module.

Proof. Consider any prime p ∈ SpecS such that depthSp ≤ 2. Let q be the preimage of p
in SpecR. Then Mq is a free Rq-module. We may assume that depthS ≥ 3, otherwise M
is a free R-module automatically. Applying Lemma 2.3.3 with S = N and n = 2 we obtain
Ext1R(N,S) = 0. But pdR S = 1, thus S is obviously Tor-rigid as an R-module. Lemma 3.1.2
implies that HomR(M,R)⊗R S ∼= HomR(M,S). So HomR(M,R)⊗R S is a free S-module, and
Nakayama’s Lemma forces HomR(M,R) to be free over R. �

As explained in [50], the above Theorem allows us to prove a famous result by Danilov on
discrete divisor class groups. Recall that a normal domain S is said to have discrete divisor class
group (abbreviated DCG) if the map between class groups Cl(S)→ Cl(S[[t]]) is bijective.

Corollary 7.1.2. Let S be a noetherian normal domain. If Sp has DCG for all p ∈ SpecS such
that depthSp ≤ 2 then S has DCG.

Let R = S[[t]]. The point is that the natural map φ : Cl(S) → Cl(R) is obviously injective.
There is another map ψ : Cl(R) → Cl(S) induced by the map from modR to modS given by
M 7→ M/tM . It is not hard to check that ψφ = id. But the injectivity of ψ is guaranteed by
Theorem 7.1.1 (or rather the non-local version of it as in [50, Theorem 1]).

Remark 7.1.3. We note that the proof above allows one to generalize Lipman’s theorem 7.1.1
to the situation when S is only assumed to have projective dimension one over R. This was
pursued in [56].

7.2. The Grothendieck-Lefschetz theorem. Next we discuss some relationships between
Tor-rigidity and a strong version of the famous Grothendieck-Lefschetz theorem, which we now
recall.

Theorem 7.2.1. (Grothendieck-Lefschetz) Let R be a abstract complete intersection of dimen-
sion at least 4 and SpecoR be the punctured spectrum of R. Then Pic(SpecoR) = 0.

To see the connection to what we have discussed, let us rephrase the above result purely in
the language of commutative algebra. Let X = SpecoR and L denote an element in Pic(X).
Let M = ΓX(L) generated by the global sections of the pushforward i∗L to SpecR. Then M is
a reflexive module over R which is locally free of rank 1 on X. Furthermore

HomR(M,M) ∼= ΓX(HomOX
(L,L)) ∼= ΓX(OX) = R.

Thus, the Grothendieck-Lefschetz theorem can be viewed as a special case of the following:

Conjecture 7.2.2. Let R be a abstract complete intersection of dimension at least 4. Suppose
M is a reflexive module in modR which is locally free on SpecoR. If depth HomR(M,M) ≥ 4
then M is free.
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The above assertion follows rather easily if we make an additional assumption that depthM ≥
3.

Proposition 7.2.3. Let R be a abstract complete intersection of dimension at least 4. Suppose
M ∈ modR is locally free on SpecoR and depthM ≥ 3. If depth HomR(M,M) ≥ 4 then M is
free.

Proof. The issues are not affected by completion, so we may assume that R is a quotient
of a complete regular local ring T by a regular sequence. By Lemma 2.3.2 we know that
Ext1R(M,M) = Ext2R(M,M) = 0. It follows from Theorem 6.1.3 that M lifts to a T -module
M ′. Since for any N ∈ modR there is an isomorphism TorTi (M ′, N) ∼= TorRi (M,N) and M ′ is
Tor-rigid (as a T -module) it follows that M is Tor-rigid. Now we can use Proposition 3.1.2 to
conclude that M is free. �

If we only assume M to be reflexive then one can only deduce that Ext1R(M,M) = 0 by
Lemma 2.3.2. Of course, by the virtue of Proposition 3.1.2 we can conclude that M is free if it
is known to be Tor-rigid to begin with.

Corollary 7.2.4. Let R be a local ring of depth at least 3 satisfying Serre’s condition (S2). Let
M be a reflexive R-module which is locally free on SpecoR. Suppose that the pair (TrΩM,M)
is Tor-rigid. Then depth HomR(M,M) ≥ 3 if and only if M is free.

By the above discussion, the following can be viewed as a vast generalization of the
Grothendieck-Lefschetz theorem in the hypersurface case.

Theorem 7.2.5. Let R be a formal hypersurface such that R̂ ∼= T/(f) where T is an equicharac-
teristic or unramified regular local ring and f ∈ T is a regular element. Assume that d = dimR
is even and greater than 3. Let M be a reflexive R-module which is locally free on SpecoR. If
depth HomR(M,M) ≥ 3 then M is free.

Proof. Using Lemma 2.3.3 we get Ext1R(M,M) = 0. By 3.1.2 it is enough to show that the
pair of modules (TrΩM,M) is Tor-rigid, so it suffices to show that θR(TrΩM,M) = 0 due to
Theorem 5.2.2. By definition of the transpose one has the following complex:

0→ TrM → F ∗1 → TrΩM → 0

whose only non-zero homology in the middle is isomorphic to Ext1R(M,R), which has fi-
nite length. By 5.3.7 it follows that [TrM ] = −[TrΩM ] in G(R)Q. Thus θR(TrΩM,M) =
−θR(TrM,M) = −θ(M∗,M) = 0 (the last two equalities are consequences of 5.2.2 and
5.3.8). �

7.3. Gabber’s conjecture. The Grothendieck-Lefschetz theorem says that a complete inter-
section in dimension 4 is parafactorial. In dimension three, the statement is no longer true, but
one can instead consider a very interesting conjecture, made by Gabber in [33]:

Conjecture 7.3.1. (Gabber) Let R be a local complete intersection of dimension 3. Then
Pic(SpecoR) is torsion-free.

The above conjecture is equivalent to the statement that the local flat cohomology group
H2
{m}(Spec(R), µn) = 0 when R is a local complete intersection of dimension 3, and they are

both implied by the following (see [33]):

Conjecture 7.3.2. Let R be a strictly Henselian local complete intersection of dimension at
least 4. Then the cohomological Brauer group of SpecoR vanishes.

In fact, the characteristic 0 case of 7.3.1 follows from Grothendieck’s techniques on local
Leftschetz theorems (cf. [12, 59]), and the positive characteristic case can be found in [28] (it is
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probably known to experts, though we can not find an exact reference. It was claimed in [33]
that Conjecture 7.3.2 is known in positive characteristic). The proof in [28] actually uses the
Tor-rigidity of the Frobenius in an essential way. We now describe briefly how one can prove
such a statement.

Suppose that R is a local ring of characteristic p > 0. Then the map F : R → R that takes
r to rp is a ring homomorphism, famously known as the Frobenius map. Under this map, the
target R now has a new structure of an R-module, which we denote by fR.

Now, let assume that R is a complete intersection of characteristic p > 0. The difficult part is
to show that Pic(SpecoR) has no p-torsion elements (as the ones whose order is relatively prime
to p can be ruled out by identical proof to the characteristic 0 case). But we can easily see that
the map

φF : Pic(SpecoR)→ Pic(Speco fR) ∼= Pic(SpecoR)

induced by tensoring with fR is actually a self-map on the abelian group Pic(SpecoR) given by
multiplying with pdimR. Thus, it is enough to show that φF is injective. This can be achieved
(at least when F is a finite morphism) by adapting the argument in 7.1.1 together with the
following (cf. [8]):

Theorem 7.3.3. (Dutta, Avramov-Miller) Let R be a local complete intersection. Then fR is
a Tor-rigid R-module.

Thus, Gabber’s conjecture only remains in the mixed characteristic case. We shall see next
that the hypersurface situation can also be proved, even in the mixed characteristic case. In
fact, one can prove the following more general result (see Subsections 2.6 and 7.2 for notations
and discussions of how such a statement implies what we want):

Theorem 7.3.4. Let R be local hypersurface of dimension 3. Let N be a finitely generated
reflexive R-module which is locally free on SpecoR. Furthermore, assume that the first local
Chern class of N is torsion in CH1(R). Then HomR(N,N) is a maximal Cohen-Macaulay
R-module if and only if N is free.

Proof. We sketch the main ideas. As in the proof of 7.2.5, one first proves that θR(TrΩN,N) = 0.
By taking direct sum of copies of N we can assume that c1(N) = 0. Then a special version of
the Bourbaki sequence as in [37, Theorem 1.4] produces a short exact sequence

0→ F → N → I → 0

where I is an ideal of height two, i.e. dimR/I = 1. A similar argument as in Theorem 5.3.2
shows that indeed θR(TrΩN,N) = 0.

In the next part of the proof, we utilize the theory of maximal Cohen-Macaulay approximation
developed in [1]. Given N , we can fit it in a short exact sequence:

0→ G→M → N → 0

where M ∈ MCM(R) and G has finite projective dimension. Since N is reflexive and dimR = 3,
we see that G is actually free. As in the proof of 7.2.5 and 3.1.2, we know that Ext1R(N,N) =
TorR1 (TrΩN,N) = 0. Using the exact sequence above we get TorR1 (TrΩN,M) = 0. We also
know that θR(TrΩN,M) = θR(TrΩN,N) = 0. However, since M is maximal Cohen-Macaulay:

θR(TrΩN,M) = `(TorR2 (TrΩN,M))− `(TorR1 (TrΩN,M))

Thus, TorRi (TrΩN,M) = 0 for all i� 0. It follows from Theorem 6.1.1 that either pdRM <∞
or pdR TrΩN <∞. In the former case, we deduce that pdN <∞ and in the latter, pdR(ΩN)∗ <
∞. But if pdN < ∞ and it is not free then pdRN = 1. Then Ext1R(N,N) can not be 0 by
Nakayama’s Lemma, a contradiction. On the other hand, if pdR(ΩN)∗ < ∞ then (ΩN)∗ must
be free since it is maximal Cohen-Macaulay. Therefore ΩN is free, in other words pdRN < ∞
and we already saw that this implies N must be free. �
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The above theorem gives the following characterization of the UFD property for dimension
three hypersurfaces.

Corollary 7.3.5. Let R be a local hypersurface with isolated singularity and dimR = 3. The
following are equivalent:

(1) θR(M,N) = 0 for all M,N ∈ mod(R).
(2) The class group Cl(R) is torsion.
(3) R is a unique factorization domain (equivalently, Cl(R) = 0).

8. Applications: intersection of subvarieties, splitting of vector bundles and
non-commutative crepant resolutions

In this Section we discuss further applications which are somewhat more geometric in nature.
Thus we begin with a brief discussion of how some questions on projective varieties can be
reduced to local algebra.

8.1. Local rings of cones of projective varieties. Let A be a finitely generated standard
graded ring over a field k and R = Am where m is the irrelevant ideal. Let X = ProjA. Then
dimX + 1 = dimA = dimR. When k is perfect, X is smooth if and only if R has isolated
singularity.

Let F be a quasi-coherent sheaf on X and

Γ∗(F) = ⊕i∈ZΓ(X,F(i))

Let M be a graded A-module and M̃ be the corresponding sheaf on X. Given any coherent

sheaf F on X one can find a finitely generated module M such that M̃ ∼= F . In general such a
module is not unique, but we have the short exact sequence:

0→ H0
m(M)→M → Γ∗(F)→ H1

m(M)→ 0

and for i > 0, isomorphisms

H i+1
m (M) ∼= ⊕i∈ZH i(X,F(i))

Where H i
m(M) denote the i-th local cohomology supported at m of M . When A is normal of

dimension at least 2 and F is a vector bundle on X, M can be chosen to be a reflexive module
over A (which is locally free on SpecA−{m}). In this situation, F ∼= ⊕i∈SOX(i) for some set of
indexes S (such F are sometimes called dissocié) if and only if M is a free A-module. One can
localize at m, and all the information such as reflexivity, local-freeness on the punctured spectrum
and the local cohomology modules are preserved between M and Mm. Thus certain statements
about vector bundles over the projective variety X can be deduced from their analogues on the
punctured spectrum SpecoR.

8.2. Intersections of subvarieties. A well-known fact of projective geometry is that in pro-
jective space any two lines must intersect. A much more general fact is:

Theorem 8.2.1. Let U, V be subschemes of the projective space Pn
k for some field k. If dimU+

dimV ≥ n then U ∩ V is non-empty.

For convenience we isolate this property, which we do not know a standard reference for.

Definition 8.2.2. A Noetherian scheme X is called decent if for any subschemes U, V such that
dimU + dimV ≥ dimX, U ∩ V is non-empty.

Proposition 8.2.3. Let R = T/(f) be a local hypersurface with isolated singularity such that
T is an equicharacteristic or unramified regular local ring. Assume that θR(M,N) = 0 for all
M,N ∈ modR. Then X = SpecoR is decent in the sense of 8.2.2.
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Proof. Let I, J ( R be the ideals defining U, V respectively. Suppose that U∩V = ∅. Then it fol-
lows that R/I⊗RR/J has finite length. But as θR(R/I,R/J) = 0, we have that χT (R/I,R/J) =
0, hence dimR/I+dimR/J < dimT (cf. 2.4.1 and 5.2.1), or dimU+1+dimV +1 < dimX+2,
a contradiction. �

Thus we have the following consequences of Theorems 5.3.4 and 5.3.6.

Theorem 8.2.4. For the following situations SpecoR is decent in the sense of 8.2.2.

(1) R is an excellent (formal) hypersurface with isolated singularity, containing a field and
dimR = 4.

(2) R = k[x0, · · · , xd]m/(f), where f is a homogenous polynomial defining a smooth hyper-
surface in Pd

k over a perfect field k and m = (x0, · · · , xd).
(3) R = k[[x0, · · · , xd]]/(f), a hypersurface isolated singularity with k a field of characteristic

0.

One can say quite a bit about the decency property of projective varieties since a lot is known
about intersection theory on such varieties. For example, we note below that smooth projective
complete intersections are decent. The proof is essentially in [23, Theorem 4.10].

Theorem 8.2.5. Let X be a smooth complete intersection in Pn
k for some algebraically closed

field k. Then X is decent in the sense of 8.2.2.

Proof. We are going to use l-adic cohomology (for basic properties and notations, we refer to
[52] or [60]). Let l be a prime number such that l 6= char(k). There is a class map:

cl : CHr(X)→ H2r(X,Ql(r))

This map gives a graded rings homomorphism CH∗(X)→ ⊕H2r(X,Ql(r)) (with the intersection
product on the left hand side and the cup product on the right hand side, see [52], VI, 10.7 and
10.8). Let a = dimU and b = dimV , and we may assume a ≥ b. Suppose a + b = dimX = n
(if a + b > n, we can always choose some subvariety of smaller dimension inside U or V such
that equality occurs). Then 2a ≥ n, but n is odd, so 2a > n. Let h ∈ CH1(X) represent the
hyperplane section. By the Weak Lefschetz Theorem (see, for example, [60], 7.7, page 112) and
the fact that 2(n− a) < n, we have:

H2(n−a)(X,Ql(n− a)) ∼= H2(n−a)(Pn
k ,Ql(n− a))

The latter is generated by a power of the class of the hyperplane section. Thus cl(U) = cl(h)n−a

in H2(n−a)(X,Ql(n− a)). We then have :

cl(U.V ) = cl(U) ∪ cl(V ) = cl(h)n−a ∪ cl(V ) = cl(hn−a.V )

The last term is equal to the degree of hn−a.V ∈ CHn(X), so it is nonzero. But the first term
has to be 0 by assumption. This contradiction proves the theorem. �

8.3. Splitting of vector bundles. In this subsection we discuss the problem of splitting of
vector bundles on schemes. In general this is a non-trivial question. For example, it is not known
whether there are indecomposable vector bundles of rank two on projective spaces in dimension
at least 6. As discussed in 8.1, there is an intimate connection between such questions on a
projective variety and the punctured spectrum of a local ring. Thus we shall focus on the latter.
We begin with an algebraic generalization of a result by Faltings, who proved that any vector
bundle on Pn that is globally generated by at most n sections must be a direct sum of line
bundles([31]).

Theorem 8.3.1. (after Faltings) Suppose R is a local ring satisfying (S2) and SpecoR is decent
in the sense of 8.2.2. Suppose M ∈ modR is locally free of constant rank on SpecoR and
depthM ≥ 1. If M has less than dimR generators then M is free.
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Proof. If dimR ≤ 1 there is no content, so we assume that dimR ≥ 2. As R is (S2), depthR is
at least 2 also. We use induction on r, the number of generators of M . If r = 1 the conclusion
follows immediately, so we assume r > 1.

We may also assume that M has no free summand. Consider a short exact sequence

0→ N
α−→ F

β−→M → 0

with N ∼= ΩM . Pick a standard basis for F and e a basis element. Let x = β(e) and y = α∗(e∗)
where e∗ is the basis element of F ∗ corresponding to e. We can assume that the order ideals
I = OM (x) and J = ON∗(y) (see Subsection 2.1) are proper, otherwise M would have a free
summand. Let a = rkM and b = rkN . Clearly a+ b = rkF = r. Locally on SpecoR, I and J
can be generated by at most a and b generators respectively.

As M is locally free on SpecoR, we must have SuppR/I ∩ SuppR/J = {m}. In other words,
let U, V be the subschemes of SpecoR defined by I, J respectively, then U ∩ V = ∅. If both I, J
are not m-primary, then by localizing at some minimal primes we see that their heights are at
most a and b respectively. Thus

dimR/I + dimR/J ≤ 2 dimR− a− b = 2 dimR− r > dimR

or
dimU + dimV ≥ dim SpecoR

which contradicts the assumption that SpecoR is decent. However, if I is m-primary, then it
follows that the quotient M/Rx is locally free on SpecoR and has r−1 generators. Furthermore
the exact sequence

0→ Rx→M →M/Rx→ 0

shows that depthM/Rx ≥ 1, thus by induction it is free, and so is M . If J is m-primary
then similarly N∗ has a free summand generated by y. Dualizing again we see that x = 0, a
contradiction.

�

Corollary 8.3.2. Let R be a regular local ring or a local hypersurface as in Theorem 8.2.4 with
dimR ≥ 2. Let X = SpecoR. Then a vector bundle over X that is globally generated by at most
dimX sections must be trivial.

The next result shows how one can detect triviality of vector bundles from vanishing of certain
local cohomology modules.

Corollary 8.3.3. Let R be a abstract hypersurface such that R̂ ∼= T/(f) where T is an equichar-
acteristic or unramified regular local ring and f ∈ T is a regular element. Assume that d = dimR
is even and greater than 3. Let M be a reflexive R-module which is locally free on SpecoR. If
H2

m(M∗ ⊗RM) = 0 then M is free.

Proof. One has the canonical map

M∗ ⊗RM → HomR(M,M)

By assumption the kernel and cokernel have finite lengths. From that one can easily see that
H2

m(M∗⊗RM) = H2
m(HomR(M,M)). It follows that depth HomR(M,M) ≥ 3, so one can apply

Theorem 7.2.5. �

One can now deduce the following from the discussion at the beginning of this section.

Corollary 8.3.4. Let X be a projective hypersurface over a field such that dimX is odd and at
least 3. Let F be a vector bundle on X such that

⊕i∈ZH1(X,F ⊗ F∗(i)) = 0

Then F is a direct sum of line bundles.
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8.4. Non-commutative crepant resolutions. Recently, the study of HomR(M,N) over
Gorenstein rings has taken on a renewed significance, due to the following concept.

Definition 8.4.1. (Van den Bergh, [63]) Let R be a Gorenstein domain. Suppose that there
exists a reflexive module N satisfying:

(1) A = HomR(N,N) is a maximal Cohen-Macaulay R-module.
(2) A has finite global dimension equal to d = dimR.

Then A is called a non-commutative crepant resolution (henceforth NCCR) of R.

This concept was suggested by Van den Bergh to give a conceptual proof of the three-
dimensional case of a famous conjecture by Bondal-Orlov that two birational Calabi-Yau va-
rieties have equivalent derived categories. In dimension three one can reduce to the case of two
such varieties X,X ′ related by a “flop”. In such situations one can prove that each derived
category is equivalent to a third category, the derived category of a non-commutative algebra
which has exactly the property of the endomorphism ring A described in the definition above.
See [63, 64] for details and [48] for a very nice survey on this rapidly developing topic.

The existence of such NCCR is a subtle question. For example, it was shown by Stafford and
Van den Bergh ([62]) that the existence of NCCRs over a Gorenstein affine k-algebra R where k
is a algebraically closed field of characteristic 0 forces SpecR to have only rational singularities.
This was recently extended to non-Gorenstein setting in certain cases ([27]). However, one can
immediately derive from what we know so far many necessary conditions. The following is a
sample of such results, more can be said if one makes additional assumptions on the module M
(see Section 7).

Corollary 8.4.2. Let R be a local hypersurface with an isolated singularity. In the following
situations there are no NCCRs over SpecR:

(1) dimR = 3 and R is a UFD.
(2) dimR is even and at least 4, and R ∼= T/(f) where T is an equicharacteristic or unram-

ified regular local ring.

Proof. By Theorems 7.3.4 and 7.2.5 such a module giving an NCCR would have to be free.
However, if M is free then its endomorphism ring would be Morita equivalent to R, which does
not have finite global dimension. �

9. Open questions

9.1. Some open questions. In this section we describe many open questions that are actually
quite natural in view of what has been discussed so far. As is evident from the previous sections,
they are mostly motivated by results or questions from outside commutative algebra. We will
be slightly provocative and call the questions we are more confident about “conjectures”, the
rest will be stated as mere “questions”. We already mentioned three of them, Question 3.1.5
and Conjectures 5.3.5, 7.2.2. Note that 7.2.2 can be viewed as a rather ambitious generalization
of the Grothendieck-Lefschetz theorem.

Next we discuss open questions related to Gabber’s conjecture 7.3.1. Obviously, we would
like to know if the stronger version for hypersurfaces, Theorem 7.3.4 can be proved for complete
intersections.

Conjecture 9.1.1. Let R be local complete intersection of dimension 3. Let N be a reflexive
R-module which is locally free of constant rank on SpecoR. Furthermore, assume that [N ] = 0
in G(R)Q, the reduced Grothendieck group of R with rational coefficients. Then HomR(N,N) is
a maximal Cohen-Macaulay R-module if and only if N is free.

In view of the proof of the Theorem 7.3.4 and the known Tor-rigidity results for regular and
hypersurface rings, we feel it is reasonable to make the following:
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Conjecture 9.1.2. Let R be local complete intersection (of arbitrary dimension). Let M,N be
R-modules such that M is locally free of constant rank on SpecoR and [N ] = 0 in G(R)Q. Then

(M,N) is Tor-rigid, namely that for any i > 0, TorRi (M,N) = 0 forces TorRj (M,N) = 0 for
j ≥ i.

By virtue of 5.2.2, the above statement is true for hypersurfaces defined over an equicharac-
teristic or unramified regular local ring. An interesting consequence that is worth pointing out
is when R is artinian.

Conjecture 9.1.3. Let R be an artinian local complete intersection. Let M,N ∈ modR. The
following are equivalent:

(1) TorRi (M,N) = 0 for some i > 0.
(2) ExtiR(M∗, N) = 0 for some i > 0.
(3) ExtiR(M,N) = 0 for some i > 0.
(4) TorRi (M∗, N) = 0 for some i > 0.
(5) TorRi (M,N) = 0 for all i > 0.
(6) ExtiR(M∗, N) = 0 for all i > 0.
(7) ExtiR(M,N) = 0 for all i > 0.
(8) TorRi (M∗, N) = 0 for all i > 0.
(9) VR(M) ∩ VR(N) = ∅.

Assuming Conjecture 9.1.2 we have that (1) ⇔ (5) and (4) ⇔ (8). The equivalence of
(5), (6), (7), (8), (9) hold unconditionally by 6.1.1. It would be enough now to show (3) ⇒ (8)
and (2)⇒ (5).

Recall the exact sequence we used in the proof of 3.1.2:

TorR2 (TrΩnM,N)→ ExtnR(M,R)⊗R N → ExtnR(M,N)→ TorR1 (TrΩnM,N)→ 0

In our situation ExtnR(M,R) = 0 as R is artinian and Gorenstein, so the sequence degenerates
to an isomorphism: ExtnR(M,N) ∼= TorR1 (TrΩnM,N) for all n > 0.

Since Tor-rigidity holds by conjecture 9.1.2 and M∗ ∼= Ωn+2TrΩnM we have that (3) ⇒ (8).
The implication (2)⇒ (5) holds by symmetry.

In fact, even for artinian Gorenstein rings we do not know of any module with no non-trivial
self-extensions. Thus we ask:

Question 9.1.4. Let R be an artinian, Gorenstein local ring and M ∈ modR. If Ext1R(M,M) =
0, is M free?

We expect the answer to the above question to be negative. However, it looks a rather difficult
problem to construct a counter-example. An affirmative answer to this question is easily seen
to be equivalent to an affirmative answer to the following:

Question 9.1.5. Let R be a Gorenstein local ring of dimension d and M ∈ MCM(R). If
ExtiR(M,M) = 0 for 1 ≤ i ≤ d+ 1, is M free?

Obviously this is a strengthened version of the famous Auslander-Reiten conjecture for the
commutative Gorenstein case. For some results in this direction, see [38].

In view of 8.2.5 one can make the following:

Conjecture 9.1.6. Let R be a local complete intersection with isolated singularity. Then
SpecoR is decent in the sense of 8.2.2.

Unfortunately the generalized version of Hochster’s theta pairing introduced in Subsection
6.2 can not be used to approach this conjecture. It does suggest that ηR should vanish when R
has isolated singularity by Corollary 6.2.6.
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Conjecture 9.1.7. ([55, Conjecture 2.4]) Let R be a local complete intersection of codimension
at least two and isolated singularity. Then ηR(M,N) = 0 for any M,N ∈ modR.

It is easy to see that the above statement holds when dimR = 0 or dimR = 1 and R is a
domain, as G(R)Q = 0 in such situations. A very recent result by Moore-Piepmeyer-Spiroff-
Walker in [55, Theorem 4.5] shows that this is true in the standard graded case.
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