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a  b  s  t  r a  c t

The mass  conservation  equation  of the particulate phase, in the  form  of Euler-type  transport  equation  for

particle-number  density,  is integrated  to  investigate  issues  related to its boundary condition  consistency.

For  each of  the  effects  of  convection,  diffusion  and particle  settling,  the  provided boundary  conditions

need  to meet the  requirement  for well-posed  problems  physically  and mathematically  for  particulate

phase  simulation. The integration  of the  conservative form  of the  transport  equation  yields  the  relations

between  the  rate  of change  of the  total  particle  number  and  the  boundary  conditions.  Results  of  these

relations  are  compared  with numerical  solutions using a  finite-volume  solver, of which  the  numerical

formulation  is also based  on the  conservative  form  of  the transport equation.  Cases  for  particulate flow

in  a  room-scale  chamber with  various combinations  of convection, diffusion  and  settling  processes  are

used  as examples  for  boundary-condition  consistency  verification.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Determination of distributions of micro- and nano-sized par-

ticles throughout chambers and enclosures is  very important for

many agricultural, industrial and military applications such as

indoor air quality, combustion, and specie distributions. In study-

ing fluid-particle multiphase flow problems, there are choices to

use different methods to model the flow (Zheng et al., 2004). For

the study to discuss boundary-condition consistency with inte-

gral characteristics, the Euler-type, one-way-interaction models

are considered for light-loading particulate matters in  flow. The

equation for the particulate matter is an Euler-type transport equa-

tion, where only the particle-number density is  of a  concern, rather

than the motion of each individual particle. A mass conservation

equation for the particle-number density is integrated to study

effects of convection, diffusion and settling on the integral char-

acteristics of particle-number density.

When the conservative form of the differential transport equa-

tion for the particle phase is integrated, the integral characteristics

are determined by  boundary conditions. Each of the effects of

convection, diffusion and settling is expressed mathematically in

different spatial-derivative orders and thus requires different types

of boundary conditions. Therefore when these phenomena co-exist

in the real physical world, it is important that the mathematical
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requirement for boundary conditions of each of the physical pro-

cesses should not interfere with each, in order to avoid anomalously

affecting the description of the problem and the solution. While it

is relatively easier to understand and recognize inconsistency in

boundary conditions if analytical solutions are pursued, the impor-

tance of  boundary condition consistency is sometimes ignored in

solving the equations numerically by using commercially available

solvers or even research-type numerical programs. This is due to

the fact that in numerical programs, there can be  unnecessary,

default boundary conditions or  automatically specified boundary

conditions during program initializations. This can result in an

unintended solution one way  or another, without revealing any

inconsistency issues, which actually exist in the problem set up.

In the following discussion, the integral property of  the total par-

ticle number is  used to discuss the boundary conditions required for

the mass conservation equation. Each of the effects is first treated

separately and then combined. The emphasis is on investigating

physically and mathematically well-posed boundary conditions for

each of the cases. Numerical solutions of the differential transport

equations are compared to the analytical integral characteristics to

ensure the behavior of the solutions. These results are useful for

analytically investigating the change of total number of  particles in

the flow to verify computational results.

The numerical solution procedure is  implemented with a  com-

mercial finite-volume flow solver (Fluent, 2006) with the k  − �
turbulence model for incompressible, unsteady, three-dimensional

fluid flow. The particulate phase is incorporated in the  flow solver

by the user-defined subroutines (Zhang et al., 2008). These subrou-

tines are able to include all the effects discussed in this study. The
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analytical integral results, in the form of the exact integral rela-

tions of the differential form of the governing equations, provide a

direct check for the finite-volume numerical method because the

latter is based on the same conservation properties as the analytical

integrations. For one case, the settling effect only case, the detailed

analytical solution, in  addition to the integral expression, can be

obtained and compared. With the consistent boundary conditions,

the conservation of mass expressed as the integral relation for the

total particle number must be  satisfied. In this study, we  apply

the analytically determined boundary conditions to  the numeri-

cal simulation. The results show that the mass is conserved, which

proves that the correct boundary conditions are implemented in

the simulation.

We  limit our discussion on particles with sizes larger than one

micron. At this size  range, particle deposition on a solid surface

due to Brownian and turbulent diffusion can be neglected. Domi-

nant deposition is thus caused by gravitational settling. The reason

we limit our study on this size range is  out of the intention to focus

on this important particle size range with a  more in-depth study

on the boundary condition treatment. In  addition, particle coag-

ulation is not taken into account, because of the relative low flow

rate in the chamber flow environment considered in  this paper. The

effect of coagulation on particle number concentration is  studied

as a separate topic, and has been investigated by  the same authors

previously. More details can be found in  Zhang and Zheng (2007)

and Zhang et al. (2008).

It should be noted that this study is  focused on solving an

Eulerian-type scalar transport equation by  considering the effects

of convection, diffusion and settling for studying the boundary con-

dition consistency, which already has a  wide variety of practical

applications as mentioned previously. Moreover, the methodology

presented in this paper is not limited to particulate flow or parti-

cles of a certain size. In fact, for any  scalar transport that can be

described by such a  type of equations, even in  a  modified format,

the discussions presented in  this paper can still be applied.

2.  Basic equations and case discussions

In the two-phase particle-fluid flow, while the velocity field sat-

isfies the Navier–Stokes equations, effects of convection, diffusion

and settling on particles can be  modeled by  an  equation for the

particle-number density, c,

∂c

∂t
+ ∂(ujc)

∂xj

= −∂[(Usett)jc]

∂xj

+ ∂
∂xj

(
D

∂c

∂xj

)
(1)

where  D is the diffusivity (both laminar and turbulent) of the par-

ticles, and (Usett)j is the particle settling speed, defined as

(Usett)j = Sc�pgj

where �p is the characteristic particle settling time, Sc is  the slip

correction factor (Hinds, 1982), and gj is the jth component of the

gravitational force. The settling speed can be approximated as con-

stant for a certain type of particles because �p is a function of the

particle size, particle density, and the viscosity of the fluid. The Ein-

stein summation convention with respect to  j is  implied in  Eq. (1).

For simplicity, particle coagulation is  not considered because new

types of particles can be created by particle collision, although this

effect can be included in the governing equation using a  popula-

tion balance model (Smoluchowski, 1917; Friedlander, 1977) and

has been studied in our previous work (Zhang and Zheng, 2007).

Particle collision effects were also simulated computationally with

the DNS method by Reade and Collins (2000).
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Fig. 1. A model of a  flow chamber.

The volume integration of Eq. (1) is

dC

dt
+

∫ ∫ ∫
∂(ujc)

∂xj

dV =  −
∫ ∫ ∫

∂[(Usett)jc]

∂xj

dV

+
∫ ∫ ∫

∂
∂xj

(
D

∂c

∂xj

)
dV  (2)

where

C  =
∫ ∫ ∫

cdV .

With the Gauss theorem, Eq.  (2) becomes

dC

dt
+

∮
nj(ujc)dA = −

∮
nj[(Usett)jc]dA +

∮
nj

(
D

∂c

∂xj

)
dA (3)

where
∮

is the surface integration on all the surfaces contouring the

volume V, and nj is the surface normal. In Eq. (3), the rate of change

of total particle number in  V is related to the surface boundary con-

ditions. Hence, the consistency of the boundary conditions can be

investigated using this integration relation of mass conservation.

In  this study, we  use a specific example of  flow inside a cham-

ber as shown in Fig. 1 for the purpose of discussion, although the

methodology presented in this paper can be extended to other flow

geometries. The inlet and outlet are  located on the side walls at x  =  0

and x  =  xmax.  Other than the inlet and outlet, the wall boundaries are

no-slip walls with ui =  0. The gravitational force is in the direction

of −z. The boundary conditions for c are to  be determined depend-

ing on the considered effects of  convection, diffusion and settling.

In the following discussion, each effect is discussed separately to

clarify how the integrated particle-number density is affected.

Because  of the one-way interaction between the flow and

particles, velocity field can be calculated independently. In this

study, a steady-state velocity field is used for the discussion of

the transient behavior of the particle phase that eventually also

approaches a steady state. The related physical process is that

the particle is  injected into the chamber after a steady-state,

incompressible flow field is  fully developed. The velocity field

is a three-dimensional steady state air flow in the chamber as

in Fig. 1, with the size of 3.96 m × 2.13 m × 2.44 m.  The chamber

is discretized into 120 × 68 × 74 computational cells (finite vol-

umes) in  the computational domain, which is a  grid resolution that

reached grid-independent solution based on our previous study

(Zhang et al., 2008; Zhang and Zheng, 2007). The inlet velocity is

in the x-direction only and, as an  approximation, specified using a

parabola-shape distribution on the rectangular inlet surface, with

the average velocity of approximately 1 m/s. The velocity bound-

ary condition at the outlet is  the outflow condition. Velocities on all

the wall boundaries are  zero. The computational scheme is second-

order in  time and space, with the second-order upwind for the
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convection terms. After the steady-state flow-field is obtained, the

velocity field is used to  compute the particle phase transport. The

computational method, along with its grid resolution convergence

for the current grid numbers, has been checked in  the previous

study (Zhang et al., 2008; Zhang and Zheng, 2007).

2.1. Convection

When only convection is  concerned, Eq.  (1) reduces to

∂c

∂t
+ ∂(ujc)

∂xj

= 0, (4)

and  Eq. (3) reduces to, within the volume of V =  [0, xmax]  × [0,

max] × [0, zmax],

dC

dt
+

∫ ∫
(uc)|x=xmax

x=0 dydz +
∫ ∫

(vc)|y=ymax
y=0 dxdz

+
∫ ∫

(wc)|z=zmax
z=0 dxdy =  0. (5)

With  the no-slip wall condition, uj =  0 at all the boundaries except

the inlet and outlet, we have

dC

dt
=

∫
inlet

(uc)dA −
∫

outlet

(uc)dA. (6)

Notice  that c  is  positive definite. It can be deduced that when

c = 0 at the inlet (i.e., no input of particles into the chamber), C
decreases with time because at the outlet u >  0 and c >  0. This is the

case to model ventilation of the chamber. On  the other hand, if c >  0

at the inlet, the change of C  then depends on the difference between

the rate of inlet particles and the rate of outlet particles, which is

something intuitively obvious. A steady-state condition is  achieved

when these two  rates are balanced. Another special condition that

can lead to a constant total particle number is  when both the inlet

and the outlet are closed. A practical example of this case is when

the flow is caused by  natural convection in the chamber, although

in this case the flow or the particle transport may  not  reach steady

state.

It should be noted that no boundary conditions of  c  are required

to reach Eq. (6). The only condition is  the no-slip boundary con-

dition for the velocity. This property is important for combining

convection with other effects that require boundary conditions for

the particle-number density. It  ensures that when boundary con-

ditions for c are imposed, the physical effect of convection on the

total particle number, represented by  Eq. (6), is not anomalously

affected. These cases will be presented in the following sections.

Here,  the results of a sample calculation of Eq.  (4) is provided

using the finite-volume method with a  user-defined subroutine for

the particulate mass transport. The same computational scheme

as used for the velocity field, which is second-order in  time and

space and second-order upwind for the convection terms, is used

for the particulate phase. The boundary and initial conditions for

the particle-number density, c,  are

c(x, y, z, t = 0) = 0, (7)

and

c|inlet = Constant. (8)

The  constant value for c at the inlet is selected to be

108 counts/m3. Boundary conditions for c  on all the solid walls are

not necessary because of the no-slip condition. The c values at the

outlet are computed at every time, rather than specified. Because

of the outflow behavior at the outlet where u >  0,  the upwind-type

computational scheme warrants a  proper domain of  influence such

that the boundary condition for c at the outlet is not necessary.

Fig. 2. Effects of convection. (a)  Time histories of total particle number and its rate

of change. (b) Particle-number density contours in the cutting plane of y = ymax/2.

Fig. 2a is the history of  the total particle number in  the chamber, C,

and its rate of change which is the right-hand side of Eq. (6). The

plots show the consistency of the two  parts, as expressed by Eq. (6).

When the steady state is reached, C becomes constant and the rate

of change is zero, exactly as indicated by  Eq. (6). It takes relatively

long time, about 90 min, for the convection only process to reach

a steady state. Fig. 2b is  a contour plot at the last time step of  the

computation in the x–z  plane at y = ymax/2, which cuts through the

vertical center line of both the inlet and outlet. Because of lack of

mixing mechanisms, there are significant contracts between dif-

ferent contour levels. However, while the maximum value of c is

the inlet value of 10 × 107 counts/m3, the minimum value of  c in

the contour plot  is  9.75 × 107 counts/m3,  only a 2.5% difference.

Therefore the particles are fairly uniformly distributed at the steady

state.

2.2. Diffusion

In  this case, Eq.  (1) reduces to

∂c

∂t
= ∂

∂xj

(D
∂c

∂xj

) . (9)

Hence,

dC

dt
=

∫ ∫
(D

∂c

∂x
)

∣∣∣∣
x=xmax

x=0

dydz +
∫ ∫

(D
∂c

∂y
)

∣∣∣∣
y=max

y=0

dxdz

+
∫ ∫

(D
∂c

∂z
)

∣∣∣∣
z=zmax

z=0

dxdy.  (10)

Since diffusion is a  second-order derivative phenomenon, two

boundary conditions are required in  each direction. As discussed
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previously, there is no diffusion caused surface deposition consid-

ered in this study. Therefore, a  physically realistic way  to specify

the boundary conditions can be  to let  the normal derivatives of c be

zero at all boundaries except at the inlet. The inlet boundary con-

dition for c, which is  usually specified as a  Dirichlet-type boundary

condition, determines the decrease or increase of the overall parti-

cle number in the chamber. The zero-gradient boundary conditions

yield an analytical expression

dC

dt
= −

∫
inlet

D
∂c

∂x
dA,  (11)

which can be verified numerically. In a  usual diffusion domi-

nant process, it can be expected that if initially ∂c/∂x at the inlet

is negative, there is an  increase of C  in the chamber. Later, the

inlet gradient of particle-number density gradually becomes zero

when a constant total particle number is  reached. The final total

particle number is closely equal to the inlet particle-number den-

sity multiplied by the total volume of the chamber, because of

the nearly uniform distribution (even with convection only as

shown in Fig. 2b). For the same inlet condition and the same

size of chamber as in the convection example, the C value at the

steady state is about 2.06 × 109 counts. This value is also close

to the C value in the convection only case in Fig. 2a  at the

steady state, 108 counts/m3 × 3.96 m × 2.13 m × 2.44 m. Note that

the steady state C value is independent of the diffusion coefficient,

which is the laminar (or Fickian) diffusion coefficient because there

is no flow and diffusion only. The laminar diffusion coefficient is

determined using the Stokes–Einstein relation, and the value used

in the numerical solution here is selected for spherical particles of

5 �m diameter under the standard atmospheric temperature. The

turbulent diffusion part  is  determined by  relating it to the turbu-

lent eddy viscosity with a  Schmidt number of 0.7. More details on

calculating the diffusion coefficient in the simulation can be found

in (Zhang et al., 2008).

When  there is a  combined convection–diffusion process, the

boundary conditions include the no-slip condition for the veloc-

ity on the wall, the inlet c value, and the zero normal derivatives

for c on the wall and the outlet. We can then combine Eqs. (6) and

(11) to have

dC

dt
=

∫
inlet

(uc)dA −
∫

outlet

(uc)dA −
∫

inlet

D
∂c

∂x
dA. (12)

With the initial and boundary conditions to be

c(x, y, z, t = 0) = 0, (13)

c|inlet = Constant, (14)

and

∂c

∂n
= 0 (otherthaninlet), (15)

the computational results, with the same velocity field as in  the

previous section, are shown in Fig. 3. In  Fig. 3a, the rate of change

only takes into account the convection part at the right-hand-side

of Eq. (12). The diffusion effect is  very small due to two  reasons:

the small diffusivity, and the almost zero gradient at the inlet that

can be seen in the contour plot in  Fig. 4b. The results therefore

satisfy the balance required by Eq.  (12). The steady-state value of

C is slightly higher than that of the convection only case, because

of the more uniform distribution of c as shown in Fig. 3b, due to

the diffusion process. The diffusion process also shortens the time

to reach the steady state, from 90 min  in the convection only case,

to about 30 min. The smoother contour plot indicates the mixing

effect of diffusion.

Fig. 3. Combined effects of convection and diffusion. (a) Time histories of total par-

ticle  number and its  rate of change. (b) Particle-number density contours in the

cutting plane of y =  ymax/2.

Time (s)

T
o

ta
lN

u
m

b
er

o
fP

ar
ti

cl
es

 (
co

u
n

t)

0 5 10 15 20 25 30
0

2.5E+12

5E+12

7.5E+12

1E+13

1.25E+13

1.5E+13

1.75E+13

2E+13
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2.3. Settling velocity effect

With  only the settling effect, the equation is

∂c

∂t
= ∂(Usettc)

∂z
, (16)
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where

Usett = Sc�pg.

After integration, Eq. (16) becomes

dC

dt
=

∫ ∫
(Usettc)|z=zmax

z=0 dxdy . (17)

One  thing peculiar about the settling velocity is that although it

is a property of the particles and therefore constant in the field, it is

physically zero on solid boundaries. However, if Usett =  0 on both of

the top and bottom wall boundaries, Eq.  (17) shows that there is no

change of the total particle number. In order to include the fact that

the number of particles is  reduced due to settling, the bottom wall

boundary needs to  be assumed “leaking”, i.e., the settling velocity

at the bottom wall boundary is the same positive constant value as

that in the field. This leads Eq. (17) to

dC

dt
= −Usettcz=0Abottom. (18)

Then  since Usett > 0 and c >  0,  the total particle number decreases

because of the settling effect. This process has been implemented

in a previous study (Zhang et al., 2010) and resulted in good agree-

ment with measurements for bottom surface particle deposition.

It  should be noted that an analytical solution of Eq. (16) can be

found in the form of

c  = f (Usettt + z). (19)

A  well-posed problem with the solution in the form of Eq. (19), in

the domain of t ≥ 0 and z ∈ [0, zmax], requires one of each Dirichlet-

type initial condition and boundary condition.

With the assumption of Usett =  0 at zmax,  Eq. (18) shows that

as far as the settling effect is  concerned, the boundary condition

at zmax does not influence the behavior of the integral rate of

change of the particle-number density. This property is very impor-

tant for obtaining solutions when higher-order phenomena, such

as diffusion, are combined with the settling effect. These higher-

order phenomena may  require boundary conditions at zmax.  For

example, according to the discussion in the previous section, a

normal-derivative boundary condition needs to be specified at all

the wall boundaries. Therefore in a  combined problem with both

diffusion and settling effects, Eq. (18) allows the boundary condi-

tion at the top boundary, required by diffusion, such that it does

not have adverse effect on the physical process described in  the

integral form by Eq. (18).

A well-posed problem, in both physical and mathematical

senses, with settling and diffusion effects, can be expressed as

∂c

∂t
= ∂(Usettc)

∂z
+ D

∂2
c

∂xj∂xj

(20)

with the boundary and initial conditions

∂c

∂n

∣∣∣∣
onallthewalls

= 0

and

c(z, t = 0) = Constant,

where the diffusivity D is assumed constant. Note that there is  no

inlet as there is no convection. A sample computation of Eq. (20)

using the finite volume scheme is conducted and the history of the

total particle number, C,  is  plotted in Fig. 5. The initial value of c
is 1012 counts/m3 in a  chamber of the size same as  the previous

cases, with all the flow velocities sepcified zero. The settling speed

is selected as 0.1 m/s  and D = 10−6 m2/s.  It  should be noted that

although the settling speed depends on the characteristic settling

time and slip correcting factor of particles which further depends

Fig. 5. Combined effects of convection, diffusion, and settling. (a) Time histories of

total particle number and its rate of change. (b) Particle-number density contours

in the cutting plane of y = ymax/2.

on the particle size and density and fluid viscosity, the computation

only requires the settling speed to represent all these effects. The

high settling speed and small diffusivity are intended to  emphasize

the settling effect. Fig. 4  shows that C decreases almost linearly with

time, and reaches zero at 24 s.  This value can be obtained intuitively

by considering the duration of time for the particles at the top of  the

chamber to reach the bottom, t = zmax/Usett,  which is equal to 2.44 m

divided by 0.1 m/s, resulting in a slightly longer time of 24.4 s. The

shortened time to reach the steady state in  the numerical simula-

tion is probably caused by a  small amount of numerical leaking of

particle in  the implementation of the settling effect. In the current

numerical simulation, the settling effect is  treated as a source term,

while it is a  convective process in  the theoretical analysis.

This time duration can also be  obtained analytically using Eq.

(18). In  this case, since c is  constant on the bottom surface, Eq. (18)

yields

C = Ct=0 − tUsett(cA)z=0. (21)

Furthermore, Ct=0 = cV, where the volume of the chamber is

V =  zmaxAz=0.  When reaching C = 0, Eq. (21) gives the same

t  =  zmax/Usett.

When all the effects need be considered, i.e., convection, diffu-

sion, and settling, Eq. (1) is  the differential transport equation for

c. The boundary conditions required for the problem are: the no-

slip wall velocity condition, zero normal derivatives for c on all the

boundaries except the inlet, the inlet c,  and the zero settling veloc-

ity on the top boundary. The integration of Eq. (1) is therefore the

combination of Eqs. (6), (11) and (18).

dC

dt
=

∫
inlet

(uc)dA−
∫

outlet

(uc)dA −
∫

inlet

D
∂c

∂x
dA−Usettcz=0Abottom.

(22)
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Table 1
Summary of boundary condition requirements for each of the transport processes.

Convection Diffusion Settling

Order of spatial derivatives First Second First

Solid  wall conditions No-slip velocity ∂c
∂n

= 0  Usett =  0

None  for c (except on  the bottom wall

Usett =  const.)

None for c

Inlet  condition c = const. c = const. Not  applicable

Outlet  condition None ∂c
∂n

= 0  Not  applicable

Fig. 5 is the computational results for this case. The time

duration to reach the steady state is about the same as  the

convection–diffusion case, because, as mentioned previously, the

diffusion process provides the mixing mechanism for reaching the

steady state faster. The steady-state value of C is higher than the

convection–settling case, but lower than all the cases without set-

tling. This is also evident in the particle-number density contours

in Fig. 5b, where the minimum value of c is  lower than those in the

convection only and convection–diffusion cases, but higher than

that in the convection–settling case. The numerical leaking is still

shown in the rate of change plot in Fig. 5a, about 4% of the inlet

particle rate in this case.

3.  Conclusion

Consistency of boundary conditions for each of  convection, dif-

fusion and settling processes as well as for several combination

cases is investigated theoretically. By looking into the integral char-

acteristics of the conservative form of the transport equation for

particle-number density, the boundary-condition requirements are

analyzed. Boundary conditions for each process are summarized in

Table 1. For combined processes, the boundary conditions are con-

sistently the corresponding combination of the processes without

contradictions. That means for a  combination of different processes,

the boundary conditions required for each of the involved pro-

cesses are either the same or complement to each other. Under

no circumstances are different boundary conditions for particle-

number density required on the same boundary, a situation that can

cause physical and mathematical inconsistency. For convection, the

no-slip velocity condition on the solid walls deems that the bound-

ary condition for the particle-number density is  not needed, and

the only boundary for convection is  the inlet Dirichlet-type bound-

ary condition. For diffusion, the necessary boundary condition is

the zero normal-gradient of the particle-number density on all the

boundaries except the inlet. For settling, no boundary conditions

are needed for the particulate phase when the settling speed is

specified zero on the top boundary. Since the boundary conditions

for each process do not  contradict to  each other, when different

processes co-exist, there are no anomalous effects of the bound-

ary conditions on the solutions. Numerical simulations using the

finite-volume method show good agreement in comparison with

the analytical integral results.
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